In a previous paper, 1 we proposed an axiomatic model for measuring self-contradiction in the framework of Atanassov fuzzy sets. This way, contradiction measures that are semicontinuous and completely semicontinuous, from both below and above, were defined. Although some examples were given, the problem of finding families of functions satisfying the different axioms remained open.
Introduction
The significance, in both theoretical and applied fields, of the failure of many fuzzy logics to comply with the Principle of Non-Contradiction greatly justifies research into contradiction. For instance, we cannot obviate the problem, in inference processes, of obtaining consequences that are contradictory, both with each other or with some hypotheses.
Consequently, Trillas et al. addressed the study of contradiction in the framework of fuzzy logic introducing, with respect to some fuzzy negation, the concepts of self-contradictory set, and weakly self-contradictory set.
2 ' 3 Along the same lines,
As is well known, given a fuzzy predicate A in a universe of discourse X ^ 0, an intuitionistic fuzzy set (IFS) associated with A (Ref. 
G X 'AS \ (x) = (I^A(X),I/A(X)).
The order <L of L naturally induces a partial order on L x as follows. Given Definition l. 1 Let X ^ 0 be a universe of discourse, a function C :
a measure of contradiction on the set of all IFS, or on L x , if it satisfies the following statements:
The set of all measures of contradiction on L x was denoted by CA4(IJ-'(X)).
or more concisely CA4 (L x ).
Furthermore, as the above definition does not guarantee that the degrees of contradiction vary gradually, other axioms were also introduced to model the continuity of the contradiction measures, from both below and above, as follows.
Definition 2.
1 Let X ^ 0 be a universe of discourse, a contradiction measure X is 1L-normal}, 
Obtaining Contradiction Measures from (-Norms and t-Conorms
In this section, we are going to construct contradiction measures using continuous t-norms and t-conorms. First let us recall some necessary definitions and results related to t-norms and t-conorms. 13 
If T is a continuous and Archimedean t-norm, then either it is strict (if (3 < 7 then T(a, (3) < T(a, 7) for all a ^ 0) or it is nilpotent (for all a ^ 1 there exists n G N such that 0 is obtained by operating n times T on a, that is, T(a,T(a,(...T(a,a)...)
= 0). In the second case, there exists an automorphism
2 defines the Lukasiewicz t-norm. Analogously, if S is a continuous and Archimedean t-conorm, then either it is strict or it is nilpotent (for all a ^ 0 there exists n G N such that 1 is obtained by operating n times S on a). Again, in the second case, there exists an automorphism ip such that
ofW. Now we can introduce and study families of measures associated with t-norms and with t-conorms.
Theorem 1. Let T be a continuous t-norm and let f : [0,1] -> [0,1] be a continuous and non-increasing function such that
is a contradiction measure that is semicontinuous from helow.
Proof. Taking into account Remark 1, we only need to confirm the following axioms:
be a semilattice from below. We must prove that
which is equivalent to proving that
We find that
thus (1) will be demonstrated, since (2) is equivalent to
because / is a continuous and non-increasing function.
As T is non-decreasing, then
hold for each x G X and for all j G I.
For each x £ X, we find that the lower bound T ( Inf/(/XJ(X)) , Inf z/$(x) Wei *Gl the set {T(/(/Xj(x)),z/j(x))} i£2 : i s actually its greatest lower bound.
Given x G X and e > 0, as T is a continuous function, then there exists S(x,e) > 0 such that for each («i, a 2 
Since {x*}iei is a semilattice from below, then there exists » E £l such that x* Sup{x n ,X* 2 }-Thus from (4) we obtain:
and applying (3), we arrive at
Therefore (2) is satisfied.
•
In the same way, we can obtain a "dual" family of contradiction measures that are semicontinuous from above as follows.
Theorem 2. Let S be a continuous t-conorm and let f : [0,1] -> [0,1] be a continuous and non-increasing function such that
is a contradiction measure that is semicontinuous from above.
Note that, unlike Theorem 1, we have to define the measure Csj on the Lnormal sets as 0 to guarantee that it satisfies the second axiom of contradiction measure. for all x G X, thus
Proposition 1. Let T be a continuous t-norm, let S be a continuous t-conorm
as Sup{x™} is L-normal.
Regarding complete continuity, the results are poorer than for continuity, as stated below. 
is a contradiction measure that is completely semicontinuous from below.
SupMax(/(/x(x)),z/(x)) otherwise xex is a contradiction measure that is completely semicontinuous from above.
We omit the proof of the above theorem because it is a particular case of Theorems 3.7 and 3.8 given in Ref. 15 .
Although CTJ and Csj behave well regarding complete continuity when T is the t-norm Min and S is the t-conorm Max, both CTJ G CA4 CSC Fig. 1(a) ). Hence, on the one hand, ?(/(<*)) < 1
and, the other hand, as y
Moreover, let (3 be such that 0 < (3 < 1 -a, then
Now we consider (b) Again, we make a distinction between S is strict or S is nilpotent. Suppose that S is strict. We consider a,/3, 7 (E]0, f [ such that f(a) < f(/3), so a > /3 as / is non-increasing, and 7 < f -a. Now, let
then Inf{x' 4 ',X' B }( x ) = (A 1 -a ) f°r au i€^-Moreover, as S* is strict, then
Now, suppose that S is nilpotent, then S = tp^1 o W* o (tp x <p), where <p is an order automorphism. Let (3 (E]0,1[ such that f(/3) = (N v o N s )(/3).
Moreover, because of the conditions satisfied by /, we can choose a such that Supja G [0,1] : /(«) = /(£)} < a < 1 (see Fig. 1(b) ), so VxeX /(«) < f{P) and hence (3 < a. Also we consider 0 < 7 < 1 -a.
As /(/3) = (N v o N a )(P) < (N v o N a )(a) = ^(l -<p{\ -a)), then
(¥>o/)(/3) +¥ ,(l-a)<l. (f(a) ), 16 then \ is A/'-contradictory if and only if y>(/x(x)) + ¥>(1 -f(x)) < 1 for all x G X, thus we can also measure the degree of A/"-contradiction of x according to the formula
Furthermore, we can measure the degree of A/"-contradiction of \ by calculating how far x(^Q = {(M(
where d is the Euclidean distance on R 2 .
The functions given in Eqs. (11), (12) and (13) Now, we are going to introduce other families of measures whose construction is suggested by (11), (12) and (13) . Then, we will analyze what kind of measures the functions (11), (12) and the new families are.
For each k = 1, 2, 3 the function Cff somehow quantifies how far x(X) is from L/v (see Fig. 2(a) ). In the same way, we can consider how far Supx(x) is from L/v xex (see Fig. 2(b) ). Thus we arrive at the following definition. Cf (Supx* ) < Cf ( X j ) for all j G I. We find that the lower bound Cf (Sup iel of the set {Ci (X*)}-F -T is actually its greatest lower bound.
iel
We write do = Inf < N Sup/Xj(x) + Inf z/$(x) -1 >, and we distinguish two
• First, let us suppose that do > 0, then C^ ( Supx* ) = do-Thus given e > 0, by Kiel J definition of infimum, there exists XQ G X such that (see Fig. 3 )
Moreover, as N is a continuous function, there exists 5 = S(e/3) > 0 such that
iel On the one hand, given that S = (5(|) > 0, it follows from the definition of Sup/ij(xo) that there exists i\ G I such that Sup,u,j(xo) -S < /J,^ (xo) (see Fig. 3 ).
Thus we can apply (15) with a = ^(XQ), obtaining
On the other hand, given e/3 > 0, it follows from the definition of Inf fj(xo) iel that there exists «2 Gl such that (see Fig. 3 )
Now, since {x l }iei is a semilattice from below, there exists i e G I such that X %e = Supjx* 1 , X 12 }-Taking into account that N is a non-increasing function, it follows from (16) and (17) that
Vi e {x 0 ) < -+Inf Vi(x 0 ).
ieX
thus also considering (14), we have
Kiel
• Second, let us suppose that d 0 < 0, then Cf Supx* = 0. Now we consider Kiel J 0 < e < -do. Thus, as in the first case, we obtain i £ £l such that Before proving that each function Cff, with k = 1,2, 3, is semicontinuous from below, we state a previous result. To simplify the notation, for each
semilattice from helow.
Proof. Suppose that
x is a semilattice from below, given «i,«2 G I, there exists j = j(«i, 12) G I such that Supjx* 1 ,
Sup^(x), Inf Vj {x) ) = (MJ (y),z)j (y)J =X J (y). •
Second, we can trivially confirm the axioms (c.i) and (c.ii) for each C^jf, with k = 1,2,3. Furthermore, from the above considerations, we can guarantee that Proof. Let N be the strong fuzzy negation associated with TV and ip the automorphism that determines N. We consider 0 < a < a^, where a^ is the fixed point of N, and let \ A •> X B & L x be the sets defined by
Thus we have: and we obtain the same inequality by replacing C^f with IZ^jf.
Conclusions
In an earlier paper, 1 we presented an axiomatic model to measure the degree of contradiction of an IFS, and we set some conditions to guarantee that a measure of contradiction has some sort of continuity. However, we did not address the open problem of finding families of functions satisfying the definitions given in that paper. The main result of this paper is the construction of a family of functions using t-norms. These functions turned out to be contradiction measures that are semicontinuous from below, but not from above. In a similar way, and by means of t-conorms, we have obtained a family of contradiction measures that are semicontinuous from above, but not from below. Furthermore, both families are completely semicontinuous if the t-norm is the minimum, and the t-conorm is the maximum, but the result fails when the t-norm or the t-conorm is Archimedean.
Additionally, we have studied the continuity of some families of contradiction measures defined in Ref. 5 , which are associated with strong intuitionistic negations. We have also introduced new families of measures also associated with such negations, and we have studied their continuity.
Some of the topics we intend to address in the future are the continuity of these measures in the case of finite universes; the generalization of this model to the case where negation is not necessarily strong; the construction of a general model covering self-contradiction and contradiction among two or more sets; applications of these measures to inference and decision-making problems.
